The combined effects of couple stress and surface roughness on the MHD squeeze-film lubrication between a sphere and a porous plane surface are analyzed, based upon the thin-film magnetohydrodynamic (MHD) theory. Using Stoke's theory to account for the couple stresses due to the microstructure additives and the Christensen's stochastic method developed for hydrodynamic lubrication of rough surfaces derives the stochastic MHD Reynolds-type equation. The expressions for the mean MHD squeezefilm pressure, mean load-carrying capacity, and mean squeeze-film time are obtained. The results indicate that the couple stress fluid in the film region enhances the mean MHD squeeze-film pressure, load-carrying capacity, and squeeze-film time. The effect of roughness parameter is to increase (decrease) the load-carrying capacity and lengthen the response time for azimuthal (radial) roughness patterns as compared to the smooth case. Also, the effect of porous parameter is to decrease the load-carrying capacity and increase the squeeze-film time as compared to the solid case.
Introduction
With the development of modern machine equipments, the increasing use of fluids containing microstructures such as additives, suspensions, and long-chained polymers has received great attention. Newtonian fluid approximation (which neglects the size of fluid particles) is not a satisfactory engineering approach for the study fluids with microstructure additives. Since, the flow behaviours of non-Newtonian fluids cannot be described accurately by the classical Continuum theory, many microcontinuum theories have been proposed [1] [2] [3] . Among them, the Stoke's [3] microcontinuum theory is the simplest generalization of the classical Newtonian theory of fluids that allows for polar effects such as the presence of couple stresses and body couples. This couple stress fluid model is intended to account for the particle-size effects and is important for applications of pumping fluids such as animal bloods, liquid crystals, polymer thickened oils, and complex fluids. Ramanaiah [4] analyzed squeeze films between finite plates lubricated by fluids with couple stress. Several researchers have applied the Stoke's [3] microcontinuum theory to investigate the effect of couple stresses on the performance of different types of fluid-film bearings.
The use of liquid metals has recently become of interest due to thin highly conducting properties. There is a possibility of increasing the load-carrying capacity by using lubricants in the presence of an applied magnetic field. The effect of surface roughness plays an important role in engineering science and industrial applications. In bearings, surface roughness is a measure of the texture of a surface. It is quantified by the vertical deviations of a real surface from its ideal form. If these deviations are large, the surface is rough; if they are small, the surface is smooth. Rough surfaces usually wear more quickly and have higher friction coefficients than smooth surfaces. Roughness is often a good predictor of the performance of a mechanical component, since irregularities in the surface may form nucleation sites for cracks or corrosion. In bearings, the height of the roughness asperities and the mean separation of the sliding surfaces are of the same order. Thus, it appeared normal to 2 Advances in Tribology view the film thickness in a bearing as a stochastic process characterized by a number of statistical parameters.
Traditionally, the analysis of porous squeeze-film bearings was based on the Darcy's model, where the fluid flow in the porous matrix obeys Darcy's law and at the bearing/ film interface the no-slip condition was assumed. The term squeeze film applies to the case of two approaching surfaces which attempt to displace a viscous fluid between them. For very thin film, viscous forces offer a high resistance to such fluid motion, which, in turn, tends to inhibit the approach of the bounding surfaces. If one or both of the approaching surfaces are porous, the lubricant not only gets squeezed out from the sides but also bleeds into the pores of the porous matrix, thus reducing the time of approach of the surfaces considerably. Despite this advantage, porous bearings have proved to be useful because of their self-lubricating characteristics, low initial cost, and design simplicity.
In recent years, the magnetohydrodynamic lubrication phenomenon has many industrial applications, because of increased use of liquid metal lubricants in high temperature. A number of theoretical and experimental investigations have been made on the effects of magnetohydrodynamic lubrication [5, 6] . There is a possibility of increasing the load-carrying capacity by using lubricants in the presence of an applied magnetic field. Further, the above result has been used in modifying the squeeze-film action of bearing of an externally applied magnetic field. The squeeze film characteristics between a sphere and a flat plate was analyzed by Gould [7] and Conway and Lee [8] . Hamza [9] studied the motion of an electrically conducting fluid film squeezed between two parallel disks in the presence of a magnetic field and found that, by applying a magnetic field the load will increase and correspondingly improvement in the lubrication characteristics of liquid-metal lubricants. Lin [10] analyzed the couple stress squeeze-film characteristics between a sphere and a flat plate. It is well established that when an electrically conducting fluid flows under the influence of electromagnetic fields, the pressure gradient is increased considerably due to the body forces [11] . The interaction of the flow of the fluids through permeable media with magnetic field has received special attention [12] . The squeeze film between porous plates was studied by Verma [13] and Bhat and Daheri [14] and showed that the application of a magnetic fluid lubricant improved the performance of the squeeze film. The problem of squeeze film porous metal bearings has been studied by Prakash and Vij [15] . Shah and Bhat [16] analyzed the effects of magnetic fluid lubricant on the squeeze film between curved porous rotating circular plates in the presence of an external magnetic field applied to the lower plate.
Many workers have made investigations on the hydrodynamic lubrication of rough surfaces using stochastic approaches. Christensen [17] and Elord [18] developed the stochastic models for hydrodynamic lubrication of rough surfaces and also derived the generalized form of the Reynold's equation applicable to rough bearings. A stochastic model to study the effect of surface roughness in porous bearings was developed by Prakash and Tiwari [19] on the basis of Christensen's stochastic theory. Using this theory, Prakash and Tiwari [20] and Gururajan and Prakash [21] analyzed various types of porous bearings with Newtonian lubricants. Naduvinamani et al. [22] have used this model to study the combined effects of surface roughness and lubricant additives oil various porous bearing systems and found that the presence of lubricant additives has a considerable influence on the characteristics of rough porous bearings. Using the same model, the effect of surface roughness on MHD lubrication flow between rectangular plates was analyzed by Bujurke and Kudenatti [23] and they concluded that by the proper choice of the lubricants with additives on the bearing surface improves its performance. The MHD squeeze-film characteristics between a sphere and a plane surface was studied by Chou et al. [24] . Recently, Naduvinamani and Rajashekar [25] studied the MHD couple stress squeeze-film characteristics between a sphere and a plane surface. They found that the MHD squeeze-film pressure, load-carrying capacity, increases in the presence of externally applied magnetic field and for large values of Hartmann number, the response time also increases. In the current study, we analyze the effects of couple stress and surface roughness on the magnetohydrodynamic squeeze-film characteristics between a sphere and a porous plane surface, which have not been studied so far. Hence, in this paper an attempt has been made to analyze the combined effects of couple stress and surface roughness on the MHD squeeze-film characteristics between a sphere and a porous plane surface. Expressions for the MHD squeezefilm pressure and load carrying capacity are obtained. Results are compared with the corresponding smooth and solid case studied by Naduvinamani and Rajashekar [25] , Newtonian case by Chou et al. [24] , and nonmagnetic Newtonian lubricant case [7, 8] .
Mathematical Formulation of the Problem
The physical configuration of a rough porous squeeze-film bearing is shown in Figure 1 . A solid sphere of radius R is approaching the rough porous bearing of wall thickness H 0 with a velocity (∂h/∂t) under a constant load. An incompressible electrically conducting fluid is considered as a lubricant in the film and also in the porous region between two surfaces. An externally uniform transverse magnetic field B 0 is applied to the lower surface.
The stochastic film thickness H is represented by
where h = h m +r 2 /2R (provided R r) denotes the nominal smooth part of the film geometry, while h s is the part due to the surface asperities measured from the nominal level and is a randomly varying quantity of zero mean and ξ is in index describing the definite roughness arrangement, hence for a given value of ξ, the surface roughness component h s of the film thickness becomes a deterministic function of the space variables.
Under the usual assumption of hydrodynamic lubrication theory applicable to thin-film, the continuity equation and the magnetohydrodynamic (MHD) momentum equations in polar coordinates (r, θ, z) becomes
1 r
The flow of conducting lubricant in the porous region is governed by the modified Darcy's law [14] 
where p * is the pressure in the porous matrix and c
The relevant boundary conditions for the velocity components are
The boundary conditions given in (7) and (9) are due to vanishing of couple stresses on the solid boundaries at z = 0 and z = H, respectively.
The radial velocity component u is obtained by solving (2) with the boundary conditions (6)-(9) in the form:
where h m0 denotes the initial minimum film thickness and the magnetization Hartmann number M defined by
and the couple stress parameter
where the dimension of l is of length and is identified as the molecular length of the polar suspensions in a nonpolar fluid.
Solution of the Problem
The non-Newtonian MHD couple stress Reynolds-type equation for the squeeze-film pressure can be obtained by substituting for u from (10) into the continuity (4) and integrating across the film thickness z and also using the 4 Advances in Tribology boundary conditions of w given in (6) and (9), in the following form:
where
Let f (h s ) be the probability density function of the stochastic film thickness h s .
Taking the stochastic average of (13) with respect to f (h s ), we obtain 1 r ∂ ∂r
In accordance with Christensen [17] , we assume that
where σ = c/3 is the standard deviation. Introducing the nondimensional quantities
into (15) where h m0 denotes the nondimensional minimum film height. The nondimensional non-Newtonian MHD couple stress Reynolds-type equation is obtained in the form:
the roughness parameter ,
In accordance with the Christensen [17] stochastic theory, the analysis is done for the two types of one-dimensional surface roughness patterns, namely one-dimensional radial roughness pattern and one-dimensional azimuthal roughness pattern.
For the one-dimensional radial roughness pattern, the roughness striations are in the form of ridges and valleys in the r-direction in this case the nondimensional film thickness assumes the form:
For the one-dimensional radial roughness pattern, the roughness striations are in the form of ridges and valleys in the θ-direction in this case the nondimensional film thickness assumes the form:
Then the modified-stochastic Reynold's type (19) for these two types of roughness pattern take the form:
for radial roughness
for azimuthal roughness
The relevant boundary conditions for the mean squeeze-film pressure field are
Integrating the nondimensional stochastic Reynold's type Equation (23) and using boundary conditions (25a) and (25b),
which is nondimensional MHD mean squeeze-film pressure. The nondimensional MHD mean load-carrying capacity is derived by integrating the nondimensional MHD mean squeeze-film pressure acting on the sphere as
For a steady applied load E(W), we introduce the following nondimensional response time
The time-height relationship can be obtained from ( Using the fourth-order Runge-Kutta method, the minimum film height at the central position can be numerically evaluated with the initial condition h m = 1 at t = 0.
Following are the limiting cases of the present study. 
Radial
Azimuthal [24] can be recovered from (27) and (29).
(3) As M → 0, l → 0, c → 0 and ψ → 0, the modified Reynold's type equation (29) reduces to the nonconducting smooth Newtonian lubricant case studied by Gould [7] and Conway and Lee [8] on squeeze-film characteristics between a sphere and a plane surface.
Results and Discussion
The combined effects of couple stress and surface roughness on the MHD squeeze-film characteristics of a sphere and a porous plane surface lubricated with an electrically conducting fluid in the presence of a transverse magnetic field are analyzed in this study. The Hartmann number, M, signifies the effects of externally applied magnetic field, the couple stress parameter, l, signifies the effects of couple stresses, the porous parameter, ψ, signifies the effect of permeability, and the roughness parameter, c, signifies the effect of surface roughness upon the MHD squeeze-film characteristics. Figure 2 shows the variation of nondimensional mean pressure p with the axial coordinate r as a function of magnetization number M with It is observed that the effect of magnetic field is to increase p in either cases as compared to the magnetic case. At r = 0 (i.e., in the neighbourhood of the position of minimum film height), due to the effects of magnetic field, the higher squeeze-film pressure is observed. Further, the increase in p is more pronounced for the azimuthal roughness pattern as compared to the radial roughness pattern. The variation of p with r as a function of the couple stress parameter l with β = 0.05, h m = 0.3, M = 2, c = 0.3, and ψ = 0.01 for both types of roughness patterns is shown in Figure 3 . It is found that due to the presence of couple stress, p increases/decreases for azimuthal/radial roughness pattern. Figure 4 displays the variation of p with r as a function of the roughness parameter c with β = 0.05, h m = 0.3, M = 2, l = 0.3, and ψ = 0.01 for both types of roughness patterns. It is observed that, p increases/decreases for azimuthal/radial roughness pattern. As the vertical deviations of the surface increase, the squeeze-film pressure also increases significantly.
MHD Squeeze-Film Pressure.
The variation of p with r as a function of porous parameter ψ with β = 0.05, h m = 0.3, M = 2, l = 0.3, and c = 0.3 for both types of roughness patterns is presented in Figure 5 . It is found that the effect of permeability is to decrease p for increasing values of ψ for both types of roughness patterns. As the sphere moves downwards, the fluid is forced into the pores of the porous material and hence resulting in the lapse of pressure on the fluid in the film region can be observed. Figure 6 shows the variation of nondimensional mean load-carrying capacity W with magnetization number M as a function of h m with β = 0.05, l = 0.3, c = 0.3, and ψ = 0.01 for both types of roughness patterns. It is interesting to note that the effect of magnetic field is to increase W in either cases as compared to nonmagnetic case. Further, the increase in W is more pronounced for azimuthal roughness pattern as compared to the radial roughness pattern.
MHD Load-Carrying Capacity.
The variation of nondimensional mean load-carrying capacity W with magnetization number M as a function of couple stress parameter, l, with β = 0.05, c = 0.3, and ψ = 0.01 for both types of roughness patterns is plotted in Figure 7 . It is observed that the effect of couple stresses enhances W in either cases as compared to Newtonian case. Figure 8 shows the variation of W with M as a function of roughness parameter c with β = 0.05, l = 0.3, and ψ = 0.01 for both types of roughness patterns. It is observed that the effect of azimuthal/radial roughness patterns is to increase/decrease W as compared to the corresponding smooth case (i.e., c = 0). At c = 0.3 (i.e., when the vertical deviations are large) it is found that, the increase/decrease in W is more pronounced for the azimuthal/radial roughness pattern. The large amount of load is delivered for azimuthal roughness pattern as compared to the radial roughness pattern.
The variation of W with M for different values of ψ is presented in Figure 9 . It is observed that the effect of permeability parameter ψ is to decrease the mean loadcarrying capacity as compared to the corresponding solid case (ψ = 0) for both types of roughness patterns. The physical reason being that larger values of permeability lead to more voids available on the porous escape of the lubricant. Thus, the porous facing becomes the main path for lubricant flow and therefore the modified film thickness due to the presence of surface asperity has a negligible effect. However, this decrease in W due to ψ can be compensated by the 
Radial
Azimuthal appropriate choice of lubricants with additives and also by the appropriate choice of roughness pattern on the bearing surfaces.
MHD Squeeze-Film Time.
The response time of the squeeze film is one of the significant factors in the design of bearings. The response time is the time that will elapse for a squeeze film to be reduced to some minimum permeability height. Figure 10 The initial condition h m (0) = 1 is used for the squeezing motion of the system. Therefore the initial displacement is 1 − h m (0) = 0. At this displacement, the effect of applied magnetic field is observed to increase the value of response time and this increase is more pronounced in either case as compared to the non-conducting lubricant case.
The variation of t with 1 − h m for different values of couple stress parameter, l, is plotted in Figure 11 . It is found that due to the presence of effects of couple stresses, the squeeze-film time increases/decreases for the azimuthal/radial roughness pattern as compared to the corresponding Newtonian case (l = 0.0). Figure 12 shows the effect of roughness parameter c on the variation of t with 1 − h m for both types of roughness patterns. It is interesting to note that the effect of c is to increase/decrease the response time of the squeeze film for the azimuthal/radial roughness pattern as compared to the corresponding smooth case (c = 0.0). The effect of porous parameter ψ on the variation of t with 1 − h m is shown in Figure 13 . It is observed that the response time reduces for the increasing values of ψ for both types of roughness patterns. As the sphere moves downwards, the fluid is forced into the pores of the porous material and hence resulting in the lapse of the response time that is, the time of approach of a sphere to the plane surface is delayed. 
Radial
Azimuthal 
Design Example
The following mathematical demonstration of MHD couple stress squeeze-film characteristics between a sphere and a rough porous plane surface is considered, for the illustration of engineering design application. By using the values of 
The equations (27) and (29) give the MHD couple stress load-carrying capacity and MHD couple stress squeeze-film time and are displayed in the Figures 2-13 . Now, with the help of this design example, the design engineers can design the most advantageous MHD couple stress squeezefilm behaviour between a sphere and a rough porous plane surface.
Conclusion
The effect of surface roughness on the MHD squeeze-film characteristics between a sphere and a porous plane surface is presented on the basis of Christensen stochastic theory for rough surfaces. On the basis of results discussed above, the following conclusions can be drawn.
(1) The presence of an externally applied transverse magnetic field provides an enhancement in the loadcarrying capacity and response time as compared to the non-conducting case for both types of roughness patterns.
(2) The couple stress effects are more pronounced for azimuthal roughness pattern as compared to the radial roughness pattern. Due to the presence of additives in the fluid, the significant increase in loadcarrying capacity and squeeze-film time is observed than the Newtonian case for both types of roughness patterns.
(3) The roughness of the surface causes a reasonable effect on the characteristics of the bearing. As the surface asperity increases, the large amount of load is delivered in the bearing and lengthens the response time of squeeze-film motion as compared to the smooth case. The effect of surface roughness is more accentuated in the case of azimuthal roughness pattern than that of radial roughness pattern.
(4) The permeability of the porous layer diminishes the squeeze-film characteristics as compared to the nonporous case. The raise in the height of the porous layer motivates the fall in the squeeze-film pressure and the load-carrying capacity and thus shortens the response time and also the possibility of sphere-toplane contact.
